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Abstract. Some conditions under which kinetic 
schemes including two sequential open states of identi- 
cal conductance will display a non-monotonic  (i.e. 
with a deficit of short open times and a maximum at 
t > 0) distribution of single channel open times are de- 
scribed theoretically. Neither a closed cyclic scheme 
nor exclusively irreversible transitions between states 
are required for non-monotonic  distributions. A re- 
quired condition for the schemes considered here is 
that all openings are to a state from which closing is 
not possible. It is the presence of a precursor process 
to channel closing that produces the non-monotonic  
distribution. Following each channel opening some 
time is required for a transition into the second open 
state from which all closings proceed. Simple schemes 
of this sort cannot provide the basis of any experimen- 
tal reports of non-monotonic  distributions. 
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Introduction 

Non-monotonic  distributions of single channel open 
times with a deficit of short open times and a maxi- 
mum at a time greater than zero were reported experi- 
mentally by Nagy (1987), and a possible theoretical 
basis for such effects was provided by Colquhoun and 
Hawkes (1983). Colquhoun and Hawkes accounted 
for non-monotonic  open time distributions with a 
closed cyclic scheme, including two sequential open 
states of the same conductance, in which all transitions 
between states were irreversible and proceeded in the 
same direction around the cycle. Such schemes require 
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coupling to an energy source. I find that neither a 
closed cyclic scheme, exclusively irreversible transi- 
tions nor coupling to an energy source are required for 
non-monotonic distributions. 

The schemes analyzed here are not proposed as the 
actual basis for any experimental results. In fact, Kerry 
et al. (1986) have pointed out that instrumental limits 
on resolution of brief openings can artifactually gener- 
ate such distributions, and caution must be exercised 
in experimental demonstrations of this effect. The 
point of this communication is to more narrowly de- 
fine conditions required for non-monotonic distribu- 
tions and so clarify a possible physical basis. It is the 
presence of a precursor process to channel closing that 
generates a non-monotonic  distribution of open times. 
A preliminary report  of some of these results has been 
made (Goldman 1988). 

Results and discussion 

Conditions for monotonic distributions 

We first examine Scheme 1: 
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Here So and Xlare open states of the same conduc- 
tance, and $2, $3 ... S. are all closed. For  the distribu- 
tion of open times all the closed states may be lumped, 
and Scheme 1 becomes identical to that considered by 
Colquhoun and Hawkes (1983). 

The open time distribution for Scheme 1 may be 
described by the probability density function, N(t), 
given by 

N(t) = N~ k~2 P~(t) + N O k02 Po(t), (1) 



where P~ (t) and Po (t) are the probabilities of occupancy 
of S~ and So, and N~ and No are the numbers of in- 
dependent openings to each state. Expressions for the 
probability of occupancy of any state in a fully gener- 
alized, i.e. six transition rate constant, three state 
scheme including expressions for the relaxation time 
constants, steady state occupancies, and initial condi- 
tions effects all in terms of the elementary transition 
rate constants have been given by Goldman (1976). 
Another problem for fully generalized three state 
schemes already treated (Goldman and Hahin 1979) is 
how to extract the six rate constants when observa- 
tions are possible of the occupancy of only one state. 
The probabilities of occupancy are given by 

Pi(t) = Piioo- [~° + b(Pi° - Pi°~)] exp(_at ~ b 

+ [.P/o + a ( ~ v  P/~)] e x p ( - b t ) ,  (2) 

where P~o and P~o~ are initial and steady state occupan- 
cy probabilities of any state Si and ~o is the time deriv- 
ative of its occupancy at t = 0. Expressions for a and b 
evaluated for Scheme 1 are given by (8) and (9) below. 

For Scheme 1, Pjoo=Po~=0 as all openings ter- 
minate in a closing to $2. Channels open either to S~, 
or to So. For openings to S~ the initial probability of 
occupancy of this state, Pa o, is unity with Poo = 0. Simi- 
larly for the No openings to So, Poo=l and Pao=0. 
Initial conditions are then simply given by 

P~o = -(klz + k~o)Pxo + kol Poo = -(kx2 + klo) (3) 

Poo = -(ko2 + koOPoo + klonlo = -(ko2 + kol). (4) 

k21 N 1 = N T (5) 
k21 + k2o 

k2o (6) 
No = Nr k21 + k2o' 
where NT is the total number of openings. Equation (1) 
becomes 

NT { I k21k12(b-(k12 + kl°)) + k2°k°2(b-(k°2 
N(t) - k21 q_k2 ~ - a-b  

Vk21 k12(a-(k12 +klo)) + k2okoa(a-(ko2 + 
L a-b  

with 

a =  k12 +klo +koz +ko1 
2 

+[(k12+k1°-k°z-k°1) 2 2  + kl°k°l] 1/2 

b= k12+klo+ko2+kol 
2 

+ 
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(9) 

The conditions for a monotonic open time distri- 
bution (i.e. for the coefficients on the two exponential 
terms in (7) to both be positive) are that 

a > (k12 +klo) > b 

and 

a > (ko2 +kol)  > b. 

It can be readily shown that these inequalities are al- 
ways satisfied whatever the values of the rate con- 
stants, given these initial conditions. All values of the 
rate constants are given by 

n(k12 + klo) = (ko2 + ko0, (10) 

where n is any positive number. Equation (8) becomes 

+ (k12 +klo) 2 + klokolff/2, (11) 

and similarly for (9). There are three cases to evaluate: 
n < 1, n = 1, and n > 1. For n < 1 terms under the radical 

1-n (k12+kxo). For n = l ,  always have a value > 7  

a and b may be evaluated directly, and for n >  1 
terms under the radical always have a value 

n -  1 (k12 + kxo) owing to the square on these terms. 

Hence, for n < 1 

l + n  l - n  
a > ~ -  (klz+k~o) + ~ -  (k12+klo) > (kx2+kxo) 

l + n  1 - n  
b< ~ (kx2+klo)-T(k12+kxol<(k~2+klo). 

+ ko 2)!] exp ( -  a t) 

+k°l)!]exp(-bt)}, (7) 

For n = 1 

a = (k12 +klo) + klok011/2 > (klz+klo) 

b = (k12+klo) - klok011/2 < (klz +klo) .  

For n > l  

n + l  n - 1  
a > ~ -  (k12+klo) + ~ -  (k12+klo) > (k12 +klo  ) 

n + l  n--1 
b < T ( k 1 2 + k 1 ° ) - T ( k 1 2 + k l ° )  < (klz+kao),  



and the first inequality is satisfied for all values of the 
rate constants. Similarly, 

m(ko2 + kol) = (k12 -~- klo), (12) 

where m is any positive number. Proceeding as above 
it can be shown that the second inequality is also al- 
ways satisfied. Equation (7), then, is always the sum of 
exponentials whatever the values of the rate constants, 
and the open time distribution for Scheme 1 is always 
monotonic (given the initial conditions (3) and (4)) in 
agreement with the conclusions of Colquhoun and 
Hawkes (1983). 

Two special cases of interest arise if an irreversible 
transition is included by setting either kol or klo =0. 
For kol =0,  Eqs. (8) and (9) become a=k12 +klo and 
b = k02, and (7) becomes 

N~ 
g (t) - (13) 

k21 + k2o 

• Ik21 k~2 exp (-(k12 +klo)t)+k20k02 exp(-k02 t)]. 

For klo =0, Eq. (7) becomes 

N~ 
N (t) - (14) 

k21 +k20 

• [k21 k12 exp ( - k l 2  t ) +  k2o ko2 exp ( - ( k o l  + ko2) t) 1. 

By inspection Eqs. (13) and (14) are sums of exponen- 
tials, and open time distributions are monotonic as is 
required from the properties of the more generalized 
Eq. (7). 

Conditions for non-monotonic distributions 

Non-monotonic open time distributions are displayed 
by Scheme 2. 

klo ko2 
sx - -~  s~.__~__ So---~ s2 

kol 
So and $1 are again open states of the same conduc- 
tance, and $2 is either a resting or an inactivated state. 
Sx represents any number of lumped closed states from 
which transitions into $1 are possible, and could (but 
is not required to) include $2. As written, Scheme 2 is 
not a closed cyclic scheme. Its essential feature (see 
also Colquhoun and Hawkes 1983)is that all openings 
are to $1 and all closings are from So. 

The probability density function for open times of 
Scheme 2 is given by 

N(t) = Nr ko2 Po(t) (15) 

where AfT =No =N1. The central difference between 
Schemes l and 2 is in the initial conditions here given 
by 

15oo = -(kol +ko2)Poo + klonlo = klo, (16) 

as all openings are to $1. PoD = 0 as all openings ter- 
minate in a closing to $2, and Eq. (15) becomes 

I kl° kl° )1 n(t)=Nrko2 - ~ e x p ( - a t ) + a _ b e x p ( - b t  , 

with (17) 

klo +kol  +ko2 a =  
2 

+ [ ( k l ° - ~ a - k ° z ) 2  + klokol] ~/2, (18) 

b = kl°+k°l+k°2 
2 

i(k o 7 --  2 + k l o k o l j  . (19) 

Equation (17) is the difference of exponentials for all 
values of the rate constants and so Scheme 2 always 
predicts a non-monotonic distribution of open times. 
It is neither a closed cyclic scheme nor exclusively 
irreversible transitions that generates the non-mo- 
notonic distribution, but the presence of a precursor 
process to closing• There is a deficit of short open times 
and a maximum in the distribution at t > 0 because 
there is no occupancy of So at t = 0, and some time is 
needed after each channel opening for the probability 
of occupancy of So to increase. 

In Scheme 2 all transitions are made irreversible by 
setting ko~ =0. In this case a=klo, b=ko2, and (15) 
becomes 

X (0 = NT ko2 (20) 

[ k,o )1 • kl° e x p ( - k l o  t) + - -  exp ( -koa  t 
klO -- ko2 klo -- ko2 " 

The rate constants of the two exponentials in the dis- 
tribution are now just the reciprocals of the mean open 
times of $1 and So in agreement with Colquhoun and 
Hawkes (1983). These results agree with the conclu- 
sions of Colquhoun and Hawkes in that they also re- 
quire opening to a state from which closing is not 
possible for non-monotonic distributions. They differ 
in that some of the conditions in the example treated 
by them have been relaxed. 

Results intermediate between the pure monotonic 
and pure non-monotonic cases of Schemes I and 2 are 
obtained by relaxing the requirements of strictly irre- 
versible transitions between states Sx and $1 or So and 
$2 or by including a transition, from Sx directly into So. 
In these cases distributions are either monotonic or 
non-monotonic depending on the relative values of 
the rate constants. To illustrate this point consider 
Scheme 2 modified to include a non-zero rate constant 
between $2 and So given by k2o. All closings are still 
from So and the probability density function is again 



given by Eq. (15). As before Po~ = 0, but initial condi- 
tions are now given by 

Poo = - ( k l o  +ko2) Poo +kloP~o. (21) 

(15) becomes 

N(t) = NT ko2 (22) 

. F_ - (kol  + ko2) Poo + kloPlo + b Poo 
e x p ( - a t )  

L a - b  

- ( k o l  +ko2)Poo+kloPlo+aPoo e x p ( _ b t ) l .  
+ a - b  

When Poo is sufficiently small, i.e. when k2o is small 
relative to kxl, both the quantities kloPao + b Poo and 
k 1 o P1 o + a Poo are greater than (ko ~ + ko2) Poo yielding 
a non-monotonic  distribution. At t = 0 

N (t)o = Nr ko2 Poo. (23) 

In the limit of negligible Poo this becomes zero as for 
the pure non-monotonic case of Scheme 2. For  

kloPlo + bPoo < (kol -}- ko2) Poo < kloPlo -1- aPoo, 

the distribution is monotonic. For  the opposite limit- 
ing case of k2o >> kxl, Plo is negligible, and the distribu- 
tion is monotonic  as can be shown by proceeding as 
described for Scheme 1. 

Kijima and Kijima (1987) have examined the prob- 
lem of the signs on the coefficients to the exponential 
terms in a probability density function for generalized 
schemes with any number of open and closed states. 
They showed that under the assumption of detailed 
balance, i.e. that steady state is a true equilibrium state, 
all coefficients are positive. The present results demon- 
strate, for the simple three state schemes considered 
here, that equilibrium is not required for all positive 
coefficients. Detailed balance was not assumed to ob- 
tain this result for Eq.(7), and Eqs.(13) and (14) ex- 
plicitly violate detailed balance. Moreover,  Scheme 2 
which does not display all positive coefficients for the 
open time probability density function is an equilibri- 
um scheme as the steady state is a true equilibrium 
state. $2 could be an absorbing inactivated state, and 

coupling to a source of energy is not required for non- 
monotonic  distributions if the scheme is not cyclic. 

Conclusions 

Scheme 2 cannot be the basis of the results of Nagy 
(1987). Nagy reported non-monotonic open time dis- 
tributions for openings that occurred during the first 
5 ms of a step in potential, but not for those that oc- 
curred later in that same step. For  Scheme 2, openings 
at any period during a step in potential are still to &, 
and some time after channel opening will always be 
needed for the transition to So. Hence, open time dis- 
tributions constructed from any time interval during 
the potential step will be non-monotonic.  
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